Abstract. It is classically known that closed geodesics on a Riemann surface with a metric of negative curvature strictly minimize length in their free homotopy class. We'd like to generalize this to Lagrangian submanifolds in Kahler manifolds of negative Ricci curvature. The only known result in this direction is a theorem on Y.I. Lee (see [Lee]) for certain Lagrangian submanifolds in a product of two Riemann surfaces of the same negative curvature. We develop an approach to study this problem in higher dimensions. Along the way we prove some weak results (volume-minimization outside of a divisor) and give a counterexample to global volume-minimizing for an immersed minimal Lagrangian submanifold.
Local theory
In this section we'll present the local volume-minimizing properties for minimal Lagrangian submanifolds in Kähler manifolds with positive canonical bundle. Strictly speaking the rest of the paper does not logically depend on this section and this section serves as a motivation for the global problem. Let (M 2n , ω) be a Kähler n-fold and let K(M ) be the canonical bundle of M , i.e. K(M ) = Λ (n,0) T * M -the bundle of (n, 0)-forms on M . The Hermitian metric on K(M ) endowed from M gives rise to a Hermitian connection on K(M ). The curvature form of K(M ) is called the Ricci form of M and denoted by Ric. It is related to the Ricci tensor of M (which is a symmetric 2-tensor on M ) by the following identity:
(1) −iRic(X, Y ) = Ricci(JX, Y ) for any tangent vectors X and Y (here J is the complex structure on M ). Let L be an oriented Lagrangian submanifold of M . For any point l ∈ L there is a unique element κ l of K(M ) over l which restricts to the volume form on L (in the induced metric from M ). Various k l give rise to a section
The section κ L has constant length √ 2 n over L and it defines a connection 1-form
Let h be the mean curvature vector field of L. So h is a section of the normal bundle of L in M and we have a corresponding 1-form σ = i h ω on L. The following fact was first observed by Y.G. Oh in [Oh1] :
From now on we work with L which is minimal, embedded and compact. Since L is a totallyreal real-analytic submanifold of M we easily see that we can extend κ L to be a holomorphic section of
L is a critical submanifold of f on U . Moreover since K(M ) is a positive line bundle we see the the Hessian of f is negative-definite on the normal bundle to M on L. Thus f and hence |κ L | attains a strict local maximum along L. Moreover κ L restricts to the volume form on L. Thus we get a conclusion:
We would like to globalize this statement from a neighbourhood of L. If M is a Riemann surface then the following result is classical:
Lemma 3. On a Riemann surface with a metric of negative curvature every free homotopy class of loops contains a unique geodesic and this geodesic strictly minimizes length in this class.
The only progress attained so far in higher dimensions is the result of Y.I. Lee [Lee] in case M is a product of two Riemann surfaces.
Algebraic minimal Lagrangian submanifolds
As a first step we'll consider some "nice" minimal Lagrangian submanifolds, which we'll call Algebraic: Definition 1. Let L be a minimal Lagrangian submanifold of M . We say that L is algebraic if there is a holomorphic section ϕ of K(M ) over M s.t. |ϕ| has a strict global maximum along L Note that if L is algebraic we can rotate ϕ by a constant so that ϕ will restrict to the volume form on L. Thus we get Lemma 4. Algebraic minimal Lagrangian submanifolds strictly minimize volume in their homology class.
Next we'll demonstrate some examples of algebraic minimal Lagrangian submanifolds. Let M be a complete intersection in CP n given by polynomials f 1 , . . . , f m with real coefficients. We want Σdeg(
Consider the standard Hermitian metic on (γ * ) ⊗2k . We have a section
and |ϕ| attains strict maximum along RP n . By Yau's resolution of the Calabi conjecture [Yau] we can put a Kähler metric ω Y on M s.t. the induced metric on K(M ) will be proportional by a constant to the standard metric on (γ * ) ⊗2k . Thus we'll get: Theorem 1. L is an algebraic minimal Lagrangian submanifold of (M, ω Y ).
A global strategy
We"ll now present our strategy for exploring global volume-minimizing properties for Lagrangian submanifolds in Kaler manifolds with positive canonical bundle. We'll explain this approach in the simplest possible case-a fixed point set of an antiholomorphic involution.
So let M be a complex n-fold with an antiholomorphic involution σ. Let g be a Hermitian metric on M which is σ-invariant. Note we don't assume that g is Kähler, just Hermitian. The metric g induces a Hermitian metric h on the canonical bundle K(M ) of the holomorphic (n, 0)-forms of M . Let ω be the curvature form of this metric and we assume that ω defines a Kähler form on M (key assumption). If g were a Kähler metric this would be equivalent to g having negative Ricci curvature. Let L be the fixed pont set of σ. We'd like to understand when L minimizes its g-volume in its free homotopy class. Let H 0 (K(M ) ⊗m , M ) be the space of holomorphic sections of the m th power
by an antiholomorphic involution (the σ-action is by pulling back a section and conjugating it). Let H L m be the fixed point set of σ on 
be the corresponding Bergmann metric on M . Then by [Tian] and [Ruan] , ω m → ω on M . The Kodaira embedding φ m also gives an isomorphism between K(M ) ⊗m and the hyperplane bundle γ * of CP Nm . How γ * has a natural Hermitian metric and so it induces a Hermitian metric on K(M ) ⊗m and hence on K(M ). Let h m be that metric on K(M ). Then the curvature form of h m is ω m . We'd like to conformally scale g so that the induced metric on K(M ) will equal to h m up to a constant multiple. If the scaling is g m = e fm g then f m solves:
Here n is the dimension of M . If we choose f m to intergate to 0 over M then we get that f m → 0 in the C ∞ -topology. Hence g m converge to g in the C ∞ -topology (actually we just care about C 0 convergence). Consider now a holomorphic section Σz 2 i of (γ * ) ⊗2 over CP Nm . We pull it back to a holomorphic section ϕ m of K(M ) ⊗2m over N . Then ϕ m is σ-invariant and its length with respect to the Hermitian metric h m attains a maximum along L. We now would like to use the idea of calibration to study the g m -volume minimizing properties of L. We obviously have the following corollary:
Here the volume is with respect to g m .
Proof: First will prove this for L orientable. For non-orientable L we look on its orientable double cover and copy the proof bellow. Since ϕ m is σ-invariant we have choose its 2m th root ξ m along L such that ξ m restricts to a positive real n-form on L. We extend ξ m to be a 2m th root of ϕ m over L t along the homotopy. Then ξ m has constant length C (with respect to h m ) along L and the length of ξ m is ≤ C on L t . We obviously have
The last statement about the conservation of the integral of ξ m can be better understood using the ramified 2m-cover of M that ϕ m defines. The setup is as follows: Let K(M ) be the total space of the canonical bundle of M 2n and π :
Here a ∈ K(M ) and v 1 , . . . , v n are tangent vectors to K(M ) at a. The form ϕ = dρ is a holomorphic volume form on K(M ). If z 1 , . . . , z n are local coordinates on M then dz 1 ∧. . .∧dz n is a local section of K(M ) over M which defines a coordinate function y on K(M ). The collections of holomorphic functions (z 1 , . . . , z n , y) are coordinates on K(M ) and
Now we have a section ϕ m of K(M ) ⊗2m and it defines a 2m-fold ramified cover M m of M as follows:
We can in fact slightly perturb ϕ m to keep it holomorphic, σ-invariant and make it transversal to 0. Than way M m is a complex n-fold and the projection π : M m → M is a ramified cover. Moreover the (n, 0)-form ρ on K(M ) restricts to a holomorphic form on M m . Now the 2m
Hence the volume comparison property. We have a stronger result:
Here again the volume is g m -volume.
We'd like eventually to understand when L minimizes g-volume in its free homotopy class. Note that if L minimizes g-volume then it strictly minimizes g-volume.
Indeed suppose that some other L ′ homotopic to L has the same g-volume. Pick a point a in L and not in L ′ . Consider a positive σ-invariant function f supported in a neighbourhood of a and consider a Hermitian metric g f = e f g. Then the g f volume of L is greater then the g f -volume of L ′ . We can also choose f small enough so that the Hermitian metric that g f induces on K(M ) still has positive curvature and this will lead us to a contradiction. In particular we'll deduce that if α is an automorphism of M then L and α(L) are not homotopic if they don't coincide.
Unfortunately the fact that L minimizes g-volume in its free homotopy class is not always true as we have an example of a non-orientable L which doesn't: 4. A counterexample in the non-orientable case
The example is: M = (Σz 5 i = 0 ⊂ CP 3 ) endowed with a Kähler-Einstein metric. Let L be a fixed point set of the conjugation on M . Then L is clearly diffeomorphic to RP 2 . Let S 2 be its orientable double cover. We think of L as an immersion of S 2 into M . Clearly L is a 2-torion in H 2 (M, Z) and since M is a simply connected 4-manifold, H 2 (M, Z) has no torsion. Hence L is trivial in H 2 (M, Z) and by the Hurewicz theorem L is null-homotopic. From the results of J. Lees [Lees] we in fact can also deduce that this Lagrangian immersion of S 2 can be homotoped through Lagrangian immersions to a Whitney sphere contained in a Darboux chart of some point in M . We omit the details. We hope that volume minimization in free homotopy class is true when L is orientable.
